Let k be a positive integer. Let x be a real, non-principal character (mod k) and
A x(«)
Ms, x) = 2^ -7-be the corresponding L-series, which converges uniformly for R(s) ^€>0. If it could be shown that uniformly in k there is no real zero of L(s, %) for
where A is a constant, then the existing theorems on the distribution of primes in arithmetic progressions could be greatly improved (see [l] ). 1 Moreover by Hecke's Theorem (see [2] ) it would follow that uniformly in k B X(l, X ) > --log k where B is a constant. This would be a considerable improvement over Siegel's Theorem (see [3] ), and would lead to an improved lower bound for the class number of an imaginary quadratic field.
In the present paper, we shall show that for 2 ^k^67, L(s, x) has no positive real zeros. By combining this information with the results of [l], we infer very sharp estimates on the distribution of primes in arithmetic progressions of difference k for £^67.
The methods used for k^67 certainly will suffice for many other k's greater than 67. They may possibly suffice for all k, but we can find no proof of this. • E x(»)(* -2w)
Since x is non-principal, we have k >2, and so if k is even, we have
nasi Similarly, we prove ZS~i xW(* -2w) 2a+1 = 0. Thus we infer that the equation stated is valid for s>l. Now since
we see that the series on the right converges absolutely and uniformly for all s, and so our theorem follows by analytic continuation.
The proof is similar to the proof of Theorem 1. Although these theorems hold for any non-principal x» we shall use them only for real non-principal x» We assume henceforth that x is real and non-principal. We let 2M denote
For sufficiently large M (certainly for M*zk) t the initial term For k =43 or 67, we have 2 3 <0, so that the series in Theorem 2 does not consist entirely of non-negative terms. However, we can show that the initial positive term outweighs the negative terms. We give the proof for & = 67, since the proof for £=43 is similar and easier.
By the functional equation for L(s, x) (see [4, §128] ) it follows that if L(s, x) has a zero p with 1/2 <p<l, then it has a zero p with 0<p<l/2. As it is known that L(s, x)>0 for l^s, it suffices to prove L(s, x) >0 for 0^s<* 1/2. So we take k = 67 and 0SsS1/2. By Theorem 2, 
Since 2 3 = -102,845, we infer SoL(s, x)>0 for 0^5. When x("~l) ^ -1» Theorem 2 opens up further interesting possibilities. When s-»0, the first term of the series is bounded away from zero, while the remaining terms approach zero. Thus one can always infer L(s, x)>0 for OSs^e, where € depends on k. Even for € as small as A /log k, this would be a very worthwhile result, as remarked at the beginning of the paper.
For another possibility, let 5 = 0 and -2 in Theorem 2, and evaluate L(0, x) and L(~-2, x) by the functional equation. We infer the known result 
